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This article considers the steady-state simulation output analysis problem for a process that sat-
isfies a functional central limit theorem. We construct an estimator for the time-average variance
constant that is based on iterated integrations of the sample path. When the observations are
batched, the method generalizes the method of batch means. One advantage of the method is that
it can be used without batching the observations; that is, it can allow for the process variance to be
estimated at any time as the simulation runs without waiting for a fixed time horizon to complete.
When used in conjunction with batching, the method can improve efficiency (the reciprocal of work
times mean-squared error) compared with the standard method of batch means. In numerical ex-
periments, efficiency improvement ranged from a factor of 1.5 (for the waiting time sequence in an
M/M/1 queueing system with a single integrated path) up to a factor of 14 (for an autoregressive
process and 19 integrated paths).
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1. INTRODUCTION

In this article we describe a method for steady-state simulation output analysis
that can be considered an extension of the method of batch means. The basic
idea of the batch means method is to normalize the simulation output path in
such a way that the normalized path converges to a Wiener process. Then the
vector of values of the normalized process at equispaced points converges to
a normal distribution involving the unknown variance constant. The scheme
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we describe constructs £ 4+ 1 normalized paths, where the rth normalized path
converges to an r-fold integrated Wiener process. Compared with batch means,
this leads to more efficient estimation of the variance constant, where we take
efficiency to be the reciprocal of the product of work and mean-squared error.
In the limit, the variance of the variance constant estimator is proportional to
1/(k + 1). At each step of the simulation, 2 additions and stores are required
beyond what is required for the standard method.

One of the motivations for the proposed method is that it can provide an al-
ternative to breaking up the path into fixed length segments. In some computer
simulation settings the ultimate length of the simulation is not known in ad-
vance, but is determined adaptively as the simulation progresses. For example,
when comparing alternative systems to determine which has the best perfor-
mance, as the simulations progress at different parameter settings it becomes
apparent that the simulations at the more promising parameters should run
longer than the simulations at less promising values. The adaptive rules for
determining simulation run-length depend on mean and variability estimates
that must be available over the entire time interval, not just at predetermined
epochs. The proposed method can be used without batching; if £ 4+ 1 integrated
paths are kept, then the limiting distribution of the variance estimator is the
same as that of the standard batch means method with % + 1 batches. The ad-
vantage of the proposed method is that an estimator can be constructed at any
step, without waiting for some number of batches to be simulated.

The next section describes the assumptions we make on the simulated pro-
cess. Section 3 describes the output analysis algorithm and states the main
result. A stochastic process that arises as the limit of processes constructed
during the simulation and is used in proving the main result described in
Section 3, is described in Section 4. Section 5 gives an alternative estimator
with lower bias, and includes a proof of the main result from Section 3. Sec-
tion 6 describes how to use the proposed method in conjunction with batching
of the data (that is, splitting the simulated path up into disjoint segments). Our
main interest is in simulations that do not store all the simulated data, but in
Section 7 we describe how to adapt the estimator to the situation where the
sample average is used to center the output process. In Section 8 we study the
asymptotic bias of the estimator. Section 9 reports the results of some numer-
ical experiments on an autoregressive process and the waiting time sequence
in an M/M/1 queueing system. We end with some concluding remarks.

2. ASSUMPTIONS

Suppose that a simulation generates a real-valued sequence Y1,Ys,.... We
assume throughout the article that there exist constants u € R, o € (0, 00),
such that if we define the process

[nt]
X;)=n""?Y (Yi—p), 0<t<l,
i=1

where [x] denotes the smallest integer not less than x, then X B 4B as
n — oo in the space D = D([0, 1]) of right-continuous functions on the unit
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interval that have left-hand limits at each point, endowed with the Skorohod
metric. Here B is a standard Wiener process and — denotes convergence in
distribution. In this case we say that the process satisfies a functional central
limit theorem; see Billingsley [1999]. Most processes that arise as models for a
steady-state simulation satisfy a functional central limit theorem. For example,
suppose that {Y,} is a second order stationary sequence with mean EY,, = u
and

Y E(¥o— w(Y, — ) < co.

n>1

Then {Y,} satisfies the functional central limit theorem. In particular the con-
clusion holds if {Y,} is an m-dependent sequence or an autoregressive process;
see, for example, Billingsley [1999].

In discrete-event simulation one often estimates 1 by the sample average

1 n
= — ZYi.
ni:l

If the functional central limit theorem assumption holds, then n — u almost
surely, and

VG — ) 3 N, 02). 1)

If a suitable estimate of 02 is available, then the central limit theorem (1) can be
used to form confidence intervals for w, or it may be used in adaptive methods
for comparing the performance of a system at different parameter values.

3. SIMULATION ALGORITHM

We now outline the proposed method for estimating the parameter o2 of the
simulated process. At first we assume that at least two independent simulations
are run in parallel to center the output. In Section 7 we describe the modification
for a single simulation.

Choose a parameter £ > 0 (the integration count parameter). Run two or
more simulations in parallel, producing independent and identically distributed
output sequences (Y], Y},...} and {Y2,Y2,...}. Define WJ =0for0 < j <k
and for i > O set

13
WiO = Z (Yll - Yz2)
=1

and for 1 < j <k set
wi=>"w/

=1
The data maintained by the simulation method after n simulated data points
is W, = (WO, W}, ..., Wk). This vector is easily updated in time O(k) at each
simulation step; see Figure 1.
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(1) Set Wi =0,0<i<k.
(2) Forj=1ton
—generate the jth data pair Y;!, Y7,
—add le — Y]? to WO,
—for i =1to k set Wi = W? 4+ Wil
(3) Forr =0 to k set

T
Zy = ZArjn_j_l/ZWj~
i=0
(4) Return
k

1
) ,Zzo(ZT)Z'

Fig. 1. The simulation algorithm for the estimator V,,.

Suppose that after n transitions, an estimate of 02 is required. For 0 < r < &,
set

r
—j=1/2w7J
Zn=> Ay TVPW],
Jj=0

where
(=G + W2+ 1
gl — !

A= (2)

if 0 < j <7 and A;; = 0 otherwise.
The following theorem provides the basis for the proposed estimator.

TuEOREM 3.1. Asn — oo,
Z,=(2%2},...,2%) B3 V2o N(0,Tns1eks),

where 0 and Ij, 1)« +1) denote the zero vector in R**! and the (k + 1) x (k + 1)
identity matrix, respectively.

We will prove Theorem 3.1 in Section 5.
Let V, denote the estimator of o2 based on a simulation of length 7, defined
by

1 >
Vi=—or—r ZM)". 3
2k +1) ,;( ) ®
Note that Theorem 3.1 implies that
v, B g2 Mir 4)
" E+1

asn — oo, where x2 denotes a chi-squared random variable with m degrees of
freedom. The asymptotic variance of V,, as n — oo is therefore 264/(k + 1).
Figure 1 gives the simulation algorithm for the case where the simulation
run length 7 is known in advance and an estimate of o2 is only required after
n transitions. However, steps 3 and 4 can be carried out at any time during the
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simulation, in parallel with step 2, allowing for the computation of an estimate
of 02 at any step along the way in time O(k2) per sample.

The number of iterated integrations % is a fixed parameter of the algorithm.
The returned value is an estimate of o2. The algorithm can use stored values
for the upper left (¢ + 1) x (£ + 1) submatrix of the matrix A defined at (2).

The work is dominated by Step 2, which requires time roughly of order n(s +
ka), where s is the time to generate one step of the simulation, and a is the time
to add and store a number. Steps 1 and 4 require time O(k), while step 3 takes
time O(k2). The storage is £ numbers in addition to W°.

Theorem 3.1 can be used to construct confidence intervals for u using stan-
dardized time series, or cancellation methods; see Schruben [1983]. After n
observations, we construct the point estimator

s i (Y +Y7)
" 2n '
Then using (4) and (1) (recall that the variance constant is 02/2 in our setup),
2n\ /2 D
(W) (Un — 1) = try1,

where #,,1 denotes a Student t distribution with 2 + 1 degrees of freedom.
Setting g, = (V,/(2n))"/2, a 100(1 — 8)% confidence interval for y is

[ —qt(1=68/2,k +1)- gp, o +qt(1 —=8/2,k +1) - g,]

where g#(1 — §/2,k + 1) is the 1 — §/2 quantile of the ¢ distribution with & + 1
degrees of freedom.

The next section introduces a process that is used in the proof of
Theorem 3.1.

4. R-FOLD INTEGRATED WIENER MEASURE

The vector process W,, constructed by the simulation, suitably normalized, will
have a limiting distribution that is associated with a particular Gaussian pro-
cess that we now briefly describe.

Let X° = 0B be a Wiener process with diffusion parameter o. This is the
centered, continuous Gaussian process with covariance

E(X%s)X°(t)) = o® min(s, ¢).
Forr > 1,let T" : D — D denote the operator of r-fold integration:
t (t _ s)r—l
T" = — " _ds.
FO= [ e ds

Note that 7" f is continuous, even when f is not. Fix . > 1 and set X" = 7" X°
for 1 <r <k.Then

t t
X"t)=T"X%) = / TT1X%s)ds = / X s)ds, 0<t<1.
s=0 s=0
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The distribution of X7 is called the r-fold integrated Wiener measure; see Novak
and Ritter [1993] for properties. The vector process
X#) = (X0, X'@), ..., X*@)

is a Gaussian process with the Markov property. For 0 <i <k and 0 <s < ¢,

EX01X%), X6, X =3 ¢ i) 2 (Ko
=0 :

see Novak and Ritter [1993]. Set u1;(x) = (u2(x), ... , uk(x)). Also,for0 < i, j <r,
cov(Xi(t), X7 (t)) = cov(T' X ), T7 X°(2))

@t —sy 't —u)!
cov(X %(s), X °(w)) duds
/s O/u -0 @ - DI -D!
@t —s)y 1t —uw)!
2 min(s, u)— - duds
/s o/u 0 G- DI — D!
tH—J-‘rl C
- ; 5
(L+J+1)l']' ( t)] ( )
Using the Cholesky decomposition of the covariance matrix C;, we obtain
C =L LI,
where
212 .
Loy = | g 0=/ =i=k
if0<i<j<k.
Then
(D L2 .
L), = FiE if0<j<ic<k,
v 1o if0<i<j<k,
and

L '(X() — we(X(00)) ~ o N (0, Lps1)x+1))- (6)

5. IMPROVED ESTIMATOR

The vector (W?, ..., WF) is easy to compute at each step of the simulation;
however, as will be seen in Section 9, it gives rise to an estimator with large bias
for large values of k. In this section we define an estimator that is more complex
to compute, but that results in less bias and also in a simpler convergence proof.
Define
~ [nt]
Wit =n""2Y (Y} -Y?), 0<t <1,
i=1
and forr > 1,
Wit)=T"Wo¢), 0<t<1,
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and set W,, = (WO,...,Wr).For0 <r <Fk,let
Zn =3 AW, (7
j=0
where A is defined at (2). Our new estimator of o2 is

~

1 o
= VAR
Vo= gaan 2 (70 ®
THEOREM 5.1. Asn — oo,

Z,=(2%,Z%,...,2%) 3 20N (0, L 1)xer1)-

Proor. By the functional central limit theorem assumption,
WS 2 V20B.
Continuity of the map f +— (f, Tf, T2f,..., T* f) implies that
(Wo, TW?, ..., T*W°) 3 V20(B,TB, T*B, ..., T* B);
in particular,

W,(1) = (W), TWo), ..., T*Wo(D)
2 V24(B(1), TB(1), T2B(1), ..., T* B(1)). 9)
The theorem now follows from (9) and (6), since
3 V2o (LB, TB(), T*B(), ..., T*B(1)
2 V20N (0, L s1yxe1)

by (6). O

For the remainder of the article we write W, for W,(1), and Y; for Y} — Y2.
To compare Wr and W/, observe that

[ns] (1—sy- 1

1

A77 =Tr (170 —1/2

W Wa = / Z (r— 1)’
— 1/2ZY(”—1+1)r
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This compares with

ZZZ

lr—llr 1—1
_ZY(n—l+1)(n—z+2)-~-(n—i+r) _ - _(n—i+1)7

|
i=1 r i=1

where
=@a+1)a+2)---(a+r—-1)
is the rising factorial function; see Knuth [1997]. Note that for fixed &,

W —nr2wr o, 0<r <k,

n

where 5> indicates convergence in probability. Therefore, Theorem 5.1 implies
Theorem 3.1.

For the remainder of the article, including the bias approximation in Section
8 and, with one exception, the numerical experiments in Section 9, we consider
mainly the estimator V,,.

The rising factorial function has the expansion

(n—i+1 =) (-1y~/ H(n —i+1y
=0 J

[Knuth 1997, p. 671, where the [}] are the Stirling numbers of the first kind,
satisfying the recurrence

2L e [

and [;] = 0 for n > 1. Thus
n_r_l/ZW,: —n 1/2 ZY -1 + 1)

o —i+ 1)

_-r=1/2 ] J'= J
=n ;Yl Y
12 _ (n—z+1)fJ
=n7TT2Y (-1y J[ ]ZY
j=0

r!
=y (-1 Hﬁ Wi
= jlrt "

|

and so

~ =1 . il
W, =n 12w =3 (~1r H LW
= jlr!
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Table I. Examples of ¢(, j)

i 10 1 2 3 4 5
0 |1

1 l0 1

2 |0 12 1

3 |0 13 1 1

4 |0 14 1112 32 1

5 |0 15 56 174 2 1

(1) Set Wi=0,0<i<k.

(2) Forj=1ton
—generate the jth data pair le,Yj?,
—add Y}! = Y7 to WO,
—for i =1 to k set Wi = Wi 4 Wi—L

(3) Set WO =n=1/2W0 and for r = 1 to k set

Wr _ n—r—l/QWr _ Z( 1)71 / ~jn/-r
(4) Forr =0 to k set
”
Zr = ApWi.
=0

(5) Return

k
v 2(k—|—1 2::

Fig. 2. The simulation algorithm for the improved estimator V,.

Define the triangular array éG, j),0 < j <1, by
JeG, j—1)—ié@, j)

Gl ) —
éi+1,75) A}
and ¢(i,i) = 1, é@, 0) = 1 ifi = 0 and 0 otherwise. Define c(i, j) = |é(, j)|. Then
r—1
W; = n—r—l/QW"l" — Zc(r, J)W{L o
j=1

The first six rows of the c(i, j) are given in Table I. In particular, W0 = n=1/2W?,
W!=n32W), and W2 = n-52W2 — n-52W/2.
The ci, j )’s are related to the Stlrhng numbers of the first kind by

e, j) = (=1 [Z]J—,‘
Jli!

Figure 2 gives the simulation algorithm for the improved estimator V.. The
main difference between the algorithm for V,, and this algorithm is step 3,
which adds an additional O(k2) time. The algorithm can use stored values for
the matrices A and ¢ or they can be computed in a step 0 in time O(%2).
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10 o James M. Calvin

As in the case of V,, the algorithm can be easily modified to allow for the
computation of an estimate of o2 at any step along the way, in time O(k2) per
sample.

6. BATCHING

Using the approach from the previous section does not result in a consistent
estimator for o2, In this section we describe how to use batching in this context
to obtain consistent estimators. The results in this section apply to either V,, or
V.

Let us suppose first that the simulation run length n is known before the
simulation begins. We choose a parameter b, the number of batches. Assume
for simplicity that b - I = n for an integer [ (the batch size). For the simulation
from 1 to /[ we apply the method described; but replacing n with /. We retain
the parameter & from the previous section. This results in a vector

(29,21,2z%,...,Z%).
Continue in this fashion, obtaining vectors

(29,2},2%, .. .,Zf)

for the simulated path segment (j — 1)I,(j — DI +1,...,jl for j =2,3,...,0b.
For the segments after the first, we must subtract the conditional mean based
on the process up to that segment. Let V;,, denote the estimator of o2 after
simulation run length n, based on b batches, defined by

b k

1 i\ 2
Vin = ———— Z7)". 10
> 2b(k+1);j20( 2 1o
Then
D Xlik )
" 2 2ot 11
Vb — 0 b(k+1) ( )

The limit random variable depends only on the product (% + 1), so we can
trade off, increasing one while decreasing the other. For £ = 0 the method is
the standard method of batch means. For b = 1, the path is not broken up into
segments at all.

The variance of the limit random variable is

204
bk +1)

Of course this captures the limiting variance for standard batch means (¢ = 0)
and shows the decrease in variance with increasing k. Other methods have been
proposed with limiting variances of the form co#/b for a constant c; for example
overlapping batch means (¢ = 4/3; see Meketon and Schmeiser [1984]), and
weighted versions of batched estimators [Alexopoulos et al. 2006].

To allow batching, the algorithm is applied to the simulation path split up
into b batches, treated independently. In situations where the simulation run
length is not known in advance, dynamic batching methods are available; see
for example Yeh and Schmeiser [2000].

(12)
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7. SINGLE SIMULATION RUN

This method can be adapted to use a single simulation run instead of two or

more. In this case the sample average at time n is used to center the processes,

and we end up with the same limiting process X, conditioned on X°(1) = 0.
Specifically, for 1 < j <k, set

i o~ nl o~
Vo= WG
Then
(n=22 W), n =52 W2, . @02 B 50, ©),
where

ij
C+DIG+DIC+7+1)

The covariance matrix can be written C = L - LT, where

(C)y =

1<i,j<k.

Y S
(L); = { Gj+Dia—)! ifi > j,
0 ifi < j

and

(=D i+ j)W2i+1

(LY, = . G ifi = J,

ifi < j.
The same sort of analysis used to construct V,, gives an estimator that converges
to a t; distribution. Note that we end up with one less degree of freedom.

8. BIAS ESTIMATION

In this section we estimate the bias of the estimator \7,1 to order n~!; that is,
we identify a quantity n associated with the simulated process such that

nWEV, —o?) — n

as simulation run length n — oo. The parameter k&, on which V, and n depend,
is fixed throughout.

We will assume that {Y;} is a second order stationary process with EY; = 0
and E(Y;Y; 1) = v, B > 0. We further assume that

o0
> il < oo,
J=1

and define

o0
A=Y v, ot=n+2) v
j=1

THEOREM 8.1. Define the estimator V., at (8) with some choice ofk > 0. Then
WEV, —0?) — -2k + D
asn — oo.
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According to Chien et al. [1997], for the nonoverlapping batch means esti-
mator N (b, m) with b batches of size m each,

n(EN(b, m) — 0?) - —2(b+ D

asn=bm — oo.
With batching, the bias is given by Theorem 8.1, where n is the batch size.
For the proof of Theorem 8.1 we require a technical lemma, the proof of which
appears in the appendix.

LEmMma 8.2. For nonnegative integers «, f,

— 1 o? 1 021 (a1 8-0)
EW W) =— [ ———— — = (Iaspo0) + 2L aipe0)r + —=0 1 5(1
(WiW?5) a!ﬂ!<a+ﬁ+1 n((+ﬂ 0) + 2L (a1 p=0))* + on +o(1/n) ),
(13)
where I¢ is the indicator function of the set C.
Proor oF THEOREM 8.1. From (7),
Z, =% AW, 0<i<k.
j=0
Therefore,
EZ? =) AjAnE (W]Wm)
i=0m=0
i . i+ G ! o
S G SO IR VM G LR LU YL 74
— L— J@ = Im!G@ — m)!
Jj=0m=0
L , i 4+ )G Pl
DD D e R LU
g o J@ — jm!G —m)! jlm!
O'2 1 1 0’21(' 0)
T T (Liame 2L meo)) A+ — L= 1 )
x (j+m+1 P n(u+ 0 + 2L 1m=0)) » + on ol /n)>
(14)
Now use the identities
L . |+ G |
33D 4 1) e ) —2i+1, (15)

=0 m=0 JIG — Im!@ —m)! jlim!

which is a consequence of

L ) 4
S DY L. B Y
2V G =y =Y
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(from Mathematica version 5.2), and

L e G+ )G +m)! 1
_1)ytm —
2 2. (2‘“)]’1@ — G —m) jiml(+m+1) L a8

=0 m=0

For the latter identity, note that if (W‘,)L, e ,Wﬁ) were normally distributed
with mean 0 and covariance matrix C = C; (defined at (5)), then we would
have Z! ~ N(0, 1) and

E (Z Al-jﬁvvg;)
j=0

L . . G + )G +m)! 1
_ 1)y tm
2 ) e+ D S AT D"

2

—
Il
=
N
Il

LG g G + NG +m)!
_1\Jtm )
;0,,;)( DI+ D) G = ol — i

Jj=0m=0
Using the identities (15) and (16) in (14) gives

~ 21
EZ? =0 - 7(2i +1)+o(1/n).

Therefore,
~ 1 & =5
EV,=— EZ?
Y (02 — 202 + Dn !+ o(1/n))
B E+1
= 02 — M +0(1/n),
n
and so

n(EV, — o2 — -2k + Da

asn— oo. O

9. NUMERICAL EXPERIMENTS

This section reports the results of numerical experiments on two different mod-
els; a first-order autoregressive process and the waiting time sequence for an
M/M/1 queue. For each model we ran experiments calculating the sample vari-
ance, sample bias, and running time.

In addition to comparing the variance and bias with the limiting values given
in previous sections, our goal was to examine the efficiency of the estimators.
We take the efficiency of an estimator with bias B and variance V, that takes
time T to compute, to be

1
TB2+V)
that is, the efficiency of a simulation estimator is the reciprocal of the mean-
squared error multiplied by the running time. Increasing the parameter &
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increases the running time, while decreasing the variance. In the experiments
we compute the relative increase in efficiency compared with the base case
of £ = 0, which is the standard method of batch means. Both of the models
are inexpensive to simulate; the efficiency increases would be larger for more
computationally intensive simulations. The two models we chose are also used
(with the same parameters) in Alexopoulos et al. [2006], so the results in this
section allow the proposed method to be compared with a range of methods
surveyed there, at least for the asymptotic characteristics.

9.1 The AR(1) Model
The AR(1) model is a stationary Gaussian process defined by Yy ~ N (0, 1) and

Yi = (PYi—l + €, i = 1’

where —1 < ¢ < 1 and the {¢;} are independent, ¢, ~ N(0, 1 — ¢?). For this
process y, = ¢*,

=2; (1— 12’

and

02:7/0+22sz1—¢-
k=1 -9

For the experiment we took ¢ = 0.9, so 62 = 19 and A = 90.

The experiments consisted of 10, 000 independent replications with a run
length of n = 200, 000; since we used two independent simulations, as described
in Section 3, this corresponds to 400, 000 simulated steps of the AR(1) process.
The simulations were split into b = 20 batches. In Figure 3, the sample variance
of the estimator for the AR(1) process is plotted for values of £ from 0 to 19, and
also the limiting variance calculated based on (12). The sample and asymptotic
variances are virtually identical for this model. Figure 4 plots the sample bias of
the estimator V,, and also the asymptotic first order bias given by Theorem 8.1,
which are reasonably close. Figure 5 plots the actual computer running times of
the experiments, which increase approximately affinely. In Figure 6 the relative
efficiency (efficiency divided by efficiency for the batch means estimator, 2 = 0)
is plotted for various values of k. For & = 1, the efficiency improves by a factor
of 1.99, while for £ = 19, the efficiency improves by a factor of 14.7. Finally, we
compare the sample bias of V,, and V,, with the asymptotic first order bias given
by Theorem 8.1. The results of the experiments (with no batching) are shown
in Figure 7. For the estimator V,, the sample bias is close to the asymptotic
bias. For small %, the bias of V,, is also close, but for large & (greater than about
10) the bias increases rapidly.

9.2 The M/M/1 Waiting Time Sequence

The second model is the waiting time sequence for a stationary M/M/1 queueing
system operated on a first-come first-served basis. Arrivals constitute a Poisson
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Fig. 7. Comparison of sample bias for V,, and V, and asymptotic bias for AR(1) simulations,
varying k, no batching.

process with unit rate, and the service times are independent, exponentially
distributed with mean 0.8. For traffic intensity p,

02 =p(2+5p—4p%+pHA - p)4

see Whitt [1989]. For our model with p = 0.8, 62 = 1976. From calculations in
Song and Schmeiser [1995, Table 4], A = 50, 004.

As in the case of the previous model, we ran 10, 000 independent replications
with run length n = 200,000 and batch count b = 20. Again, two independent
simulations were run. The time to run the experiments increased at a constant
rate from 4362 seconds for 2 = 0 to 5398 seconds for £ = 19; the plot, which
we omit, is similar to Figure 5. Figure 8 plots the sample variance for 2 rang-
ing from 0 to 19, and also the limiting variances based on (12). In addition to
the sample variance based on the run length n = 200,000, we also ran experi-
ments of 1, 000 replications with n = 2,000,000; the results are shown as “Long
run length sample.” Note that the sample variance from the simulations is sig-
nificantly larger than the value given by (12) for the shorter run length, and
the sample variances are closer to the asymptotic values with the longer run
length. Figure 9 plots the bias of the estimator V,, which appears to increase
approximately linearly with integration count %, as was the case for the AR(1)
model.

Figure 10 plots the relative efficiency of the estimators for different £ (with
respect to £ = 0, batch means). As in Figure 8, we plot the results for the two
different run lengths. Note that with the shorter run length, the maximum
efficiency improvement is only by a factor of 3.4. With the longer run length,
maximum efficiency increases by a factor of 9.5 relative to batch means. For the
longer run length, efficiency is roughly doubled with a single integrated path.
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Table II. AR(1) Model Experiments with Short Run Lengths
n = 1,000 n = 5,000 n = 10,000
k bias var mse bias var mse bias var mse
0 —3.57 | 24.33 37.11 -0.76 | 33.31 | 33.88 —0.38 | 34.83 | 34.98
1 —6.46 9.03 50.74 —1.44 | 1557 | 17.64 —0.74 | 16.65 | 17.20
2 -8.62 4.64 78.98 -2.15 9.62 | 14.24 —-1.08 | 10.83 | 12.01
3 —10.21 2.78 | 107.09 —2.82 6.83 | 14.79 —1.44 7.81 9.89
4 —11.42 1.86 | 132.28 —-3.48 5.10 | 17.21 -1.79 6.09 9.32
5 —12.34 1.30 | 153.78 —4.11 4.06 | 20.96 —2.13 4.90 9.43
6 —13.08 0.97 | 172.01 —4.73 3.23 | 25.59 —2.48 4.10 | 10.27

9.3 Short Run Lengths

In this section we consider the same AR(1) and M/M/1 models, but with shorter
run lengths. We begin with the AR(1) model, and consider run lengths of n =
1,000, n = 5,000, and n = 10,000. The results, based on 100,000 independent
replications, are shown in Table II. Since we are running parallel simulations
with 20 batches, these run lengths correspond to the rows with m = 100, m =
500, and m = 1,000, respectively, in Tables 2 and 3 of Alexopoulos et al. [2006],
so we can compare our results with the results of the experiments reported
there. It is clear that as %k increases, the variance tends to be lower and the
bias much higher, for the estimator proposed here compared with the range of
alternatives considered in Alexopoulos et al. [2006]. For the shorter run lengths
the bias is extremely large.

Taking into account the time needed to run the experiments, for n = 1,000,
k = 0 gave the greatest efficiency. For n = 5,000, £ = 2 improved efficiency by a
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Table ITII. M/M/1 Model Experiments with Short Run Lengths

n=>5,120 n = 10,240 n = 20,480
k bias | var x10% | mse x10° || bias | var x10% [ mse x108 || bias | var x108 | mse x10°
0 —409 1.63 1.79 —-205 1.56 1.60 -104 1.16 1.17
1 —693 0.67 1.15 —385 0.88 1.03 —202 0.81 0.85
2 —902 0.36 1.17 —547 0.52 0.82 —290 0.59 0.68
3 || —1052 0.23 1.33 —679 0.36 0.83 —380 0.45 0.59
4 || —-1175 0.15 1.53 —-793 0.26 0.89 —460 0.35 0.56
5 || —1265 0.10 1.70 —-891 0.19 0.98 -539 0.27 0.56
6 || —1339 0.08 1.87 —-977 0.14 1.10 —608 0.22 0.59

factor of 2.34 over batch means, and for n = 10,000, 2 = 4 improved efficiency
by a factor of 3.48.

For the M/M/1 model, we used run lengths of n = 5,120, n = 10,240, and n =
20,480. These run lengths correspond to the first three rows of Tables 4 and 5 of
Alexopoulos et al. [2006]. The experimental results are shown in Table III. As in
the case of the AR(1) model, the bias is very large for short run lengths or large
k. For n = 5,120, the maximum efficiency is achieved with £ = 1, which gives
1.48 times the efficiency of £ = 0 (batch means). For n = 10,240, the efficiency
improvement for £ = 2 is by a factor of 1.90, and for n = 20,480 the efficiency
improvement for 2 = 4 is by a factor of 2.00.

Note that the approach we have adopted of running parallel simulations
increases the bias. Since

E(Yy-Y§)(Y, - Y,) =2E(Y,Y,),

one would expect the bias to be about twice as large (based on the bias approx-
imation in Section 8). On the other hand, since we are not using the sample
mean to center the path, we have an additional degree of freedom. Therefore,
one would expect the estimator with £ = 0 to have a bit lower variance and
about twice the bias as the batch means estimator used in Alexopoulos et al.
[2006]. Tables II and III are consistent with these observations.

Based on these experiments, it appears that for short run lengths, 2 should
be near or equal to 0 (see the next subsection on choice of 2). The proposed
estimator has bias of order (¢ + 1)/n, in contrast to some of the estimators
considered in Alexopoulos et al. [2006], which have bias of order o(1/n). The
construction of low bias versions of the proposed estimator will be considered
in a separate paper.

9.4 Choice of k

As seen from the analytic results and the experiments, bias increases and vari-
ance decreases with increasing k. One way of posing the question of what is
the “best” k is to choose it to minimize mean-squared error. If we approximate
the mean-squared error using the first-order bias approximation from Section
8 and the asymptotic variance from (4), we get the expression

204 N 432k +1)2
bk +1) n2

) 17

mse(k) ~
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Table IV. AR(1) Model Experiments with No Batching

n bias var x10°8 mse x10°
1,000 —3.47 25.97 38.04
5,000 —0.75 33.98 34.54

10,000 —0.39 34.79 34.95

Table V. M/M/1 Model Experiments with No Batching

n bias var x106 mse x10°
5,120 —-410.6 1.66 1.83
10,240 —229.2 1.56 1.61
20,480 —-126.9 1.25 1.27

21

where b is the number of batches and n is the batch size. This suggests choosing
k as the nearest integer to

g2 23
—1. 18
(m ﬁn> (18)

Substituting the values for the AR(1) process, we get optimal values of 2 of 0, 2,
and 4 for n = 1,000, n = 5,000, and n = 10,000, respectively. Comparing these
with the results in Table II, we see that these are exactly the values of £ giving
the smallest sample mean-squared error. Substituting values for the M/M/1
model into (18), we obtain 2 = 4, 7, and 12 for run lengths n = 5,120, n = 10,240,
and n = 20,480, respectively. From Table III, the values of £ that minimize
the mean-squared error in the experiments are 1, 2, and 5. The discrepancy is
similar to that shown in Figures 8 and 9, where we see that the sample bias and
variance differ significantly from the asymptotic values for the M/M/1 model.

These calculations are similar to those in Song and Schmeiser [1995] and
Chien et al. [1997] for finding optimal batch sizes for the batch means method.
Note that from an asymptotic point of view, we want & = O(,/n) so that the cost
of computing the variance estimate does not dominate the cost of the simulation;
this choice does not involve considerations of bias or variance, which suggest
k = ©(n?3) is better.

9.5 Integrated Path Estimator Without Batching

We repeated the experiments with 2 = 20 and no batching, to compare with the
standard batch means method with 20 batches. These two estimators have the
same limiting distribution. In all experiments we used 100,000 independent
replications.

The results for the AR(1) model are shown in Table IV, and the results for
the M/M/1 model are shown in Table V. Comparing these results with Table II
and Table III, we see that the batch means estimator with 20 batches and the
integrated path estimator with £ = 20 and no batching, have similar bias and
variance.
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10. CONCLUSIONS

This article has described a method for estimation of the steady-state variance
parameter that is intended for simulations for which the run length is not
known in advance. The storage requirement is proportional to a parameter
k, the integration path count. As %k increases, the asymptotic efficiency of the
estimator increases as run length increases.

The estimator is a particular example of a weighted estimator; that is, the
estimator is based on integrating the path multiplied by a weighting function.
The particular weighting function, corresponding to multiple path integrations,
is chosen for computational efficiency. If the simulation run length is known in
advance, then it is feasible to consider a range of weighting functions geared to-
wards different objectives. In Alexopoulos et al. [2006], several such choices are
shown to significantly reduce bias. The choice of weighting function considered
in this article results in relatively large bias and low variance.

While asymptotic efficiency improves with increasing integration count &, %
must be small for short run lengths. To minimize mean-square error, £ should
be @(n?/3) as run length n increases. However, such a choice of 2 implies that
the computational cost of the output analysis dominates the computational cost
of the simulation. If % is chosen O(n'/2), then the output analysis cost is at most
comparable to the cost of the simulation.

APPENDIX

This appendix contains the proof of Lemma 8.2.
For nonnegative integer o

e = p172 ZY ( B T)a
Therefore,

i-1 P
E (WeWt) = ‘1EZY( ) ZY ( )

= _1EZY2< ! >M Jrzz—lEni1 IR ¢ %)a (1-=

S50 o! 5
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-1 n . a+B  n—-1 n—k . a . B
n 1—1 1—1 i+k—-1
= — 1- 1- 1-
oz!!(yOA ( n ) +X_;yk;< n ) ( n )
1

k=

12
n— n—k . B : 4
1—1 i1+k—-1
+ Vk (1— ) (1— ) ) .
P e n n

Now

n —1\*"F 1 I
-1 1.1 _ (a+B>0) 1
" Z( n ot+,3+1+ 2n +oll/n)

and

n—k . o . '3
1 _l—l _z+k—1>
n ;(1 - ) <1 —

/1k/n (1—Fk/n)f — I(fszo)(k/”)(H’3

(1—x)A—x —k/n)Pdx+ +0(1/n)
2n

x=0
B —J « 1
B B\, 1p-j /0T — (k/n)+Pt
_Z::()(j)( 1) a+j+1

1

2n 4
J

.

+

B
(f.)(—l)ﬂ_j((k/n)ﬁ_j — (k/n)* ™)+ o(1/n).
=0

Therefore,

o 1 1 Tasse
EWaWa) = —<y0<oe+/3+1Jr (g;ﬂz 0)+0(1/n))

-1 B ) B—j _ a+p+1
5 (Z@)(_Dﬁ_](k/n) (k/n)

a+j+1

1/3
+%J§

=3

J
-2 (jf)(—l)“-f ((k/n)* — (k/n)**P) +0(1/n))> :
Jj=0

(’]3.)(—1)“ (R /)P~ — (k) *P)

B+j+1

- L
<

+

[\

Using the fact that for 6 > 1,

n—1 0
Vi <Ii) =o(1l/n),
1 n

k=
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we obtain

o 1 1 Iiwip-0)
E(We0) = oo (o (g ™ +oum)

S 1 (k/n) a+p1 B 1
+;V (a+/3+1 Pavp ®m Z<>( b Jm

+ i( — Bk/n) — (k/n)aﬂ“Z(J)( DF” J)

j=0

B (k/n)_ a+p+1 - (O‘) . a—j#
Vs (k/n) ; i (—1) T

1
Y
; 2i< — alk/n) - (k/n>a+ﬂz< )( 1) J>+o(1/n>>)

I.O

1 n—1
= — | ——— — = (Iasp=0) + 20+ 5=0)) E kyr + —o I(a+ﬁ>0)+0(1/n))
alB! (a+,3+1 n &
= —1 702 _ 1 o I(a+ﬁ>0)
— (Ligap=0) + 21 (g1 p—0)) A + ——"— +0(1 ]
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This completes the proof of Lemma 8.2.
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